A cryogenic torsion balance method is suggested to measure the residual quadrupole moments of the STEP test masses directly. The individual masses are placed on a torsion balance and the torque exerted by a rotating set of source masses is analysed. Conservatively, assuming a torque sensitivity of 10 −13 N m, it appears that a quadrupole moment of 10 −7 kg m 2 can be detected.
Introduction
The goal of the STEP experiment is to search for violations of the equivalence principle (EP) in space, monitoring the differential acceleration rate of pairs of test masses as they orbit the earth [1] . The acceleration target sensitivity is 10 −18 g or about 10 −17 m s −2
. As in any test of the equivalence principle that uses macroscopic, extended test masses, one of the systematic effects that can mimic a true equivalence principle violation is the differential interaction of the two bodies with undesired gravity gradients. In STEP, for example, one potential source of local gravity gradients at the signal frequency is the tidal motion of liquid helium. Another such source might be the thermal distortion of the spacecraft. Clearly it is essential to characterize the gravitational properties of the test masses before carrying out the experiment.
In general, the gravitational interaction between a test mass and a source body leads to a potential energy W which can be parametrized as follows:
where the q lm and Q lm are the multipole moments of the test body and the multipole fields of the source, respectively [2] . The interesting point to note about equation (1) is that a given test mass multipole q lm will only couple to the corresponding source field Q lm . As will be shown below, this opens up the possibility of measuring specific test mass multipoles by arranging source masses that generate the corresponding source field. Figure 1 shows a schematic diagram of a test mass on-board STEP, being 'orbited' by an effective local source mass M S , which as mentioned above might represent a helium bubble or a thermal distortion of the spacecraft. The resulting acceleration along z on this test mass is given by
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where M is the mass of the test body [3] . In STEP, differential accelerations between pairs of test masses are measured, and it can be seen from the discussion above that, for a given multipole field Q lm , there will be a differential acceleration a z if the corresponding ratio (3) we can conclude that all non-zero quadrupole moments q 2m of the test masses can be problematic for STEP: firstly, because a single source mass generates all the Q 3m fields, and secondly, because all the terms above include components which are modulated once per orbit (proportional to cos θ S or sin θ S ), and therefore could directly mimic a violation of the equivalence principle.
Equations (3) also show that the presence of a non-zero quadrupole moment inevitably leads to a term in the differential acceleration at three times the signal frequency (cos 3θ S or sin 3θ S ). This opens up, perhaps, the possibility of carrying out STEP with non-ideal test masses having finite, but known quadrupole moments. For instance, if a known moment q 22 interacted with a (a priori unknown) local gradient Q 32 , the latter could be inferred from the contribution to the signal at three times the orbital frequency, and then be used to correct for any contribution at the EP signal frequency.
Considerable work has been invested into designing the STEP test masses such that their multipole moments q 20 , q 40 and q 60 are nominally zero, while the difference in q 80 is minimized [4] . Although it is useful to know this ideal geometric shape, in practice, the gravitational performance of the test masses is likely to be determined by other properties. Firstly, the machining tolerances necessary to meet the STEP requirements are better than 1 µm, which in itself represents a significant challenge. Secondly, this test mass shape needs to be preserved during the cool-down from room temperature to the operating temperature of 2 K. Finally, real test masses could acquire non-zero residual multipole moments as a result of density inhomogeneities [3] . Because of these practical difficulties, ease of manufacture and density homogeneity are becoming increasingly important criteria in selecting test mass materials.
As is evident from equation (2), the test mass moments that are acceptable to the STEP experiment will depend on the local gravity gradients Q lm . As far as we know, the precise magnitude of these is yet to be determined, and therefore it is difficult to place precise limits on allowed multipole moments. In any case, there are at least two possible ways of dealing with the test mass multipole moments that will inevitably, at some level, be present: for example, one could simply make the best attempt at manufacturing the test masses, measure their multipole moments, and then carry out the experiment. The effect from the known multipole moments would in principle be calculable and could be subtracted from the signal. One could also imagine an iterative process whereby test masses were first machined, then tested for their gravitational interaction, then trimmed or corrected and tested again, until the specified tolerance is approached. In either case, a method needs to be found to measure the multipole moments of the masses at cryogenic temperatures.
The dominant coupling to gravity gradients occurs through the quadrupole moments. A number of methods have been suggested (and are actively being investigated) to measure or estimate these moments [3, 5] . Here we explore the feasibility of what we believe to be the most direct approach: to measure the quadrupole moments of the actual STEP test masses at cryogenic temperatures, by studying their gravitational interaction with an external source. Figure 2 shows the principle behind the experiment: a STEP test mass has been turned on its side, and source masses are rotated in a horizontal plane around it. The torque on the test mass (and therefore on the torsion balance) can be found from differentiating the potential with respect to the source mass angle ϕ S ,
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The q lm moments of the rotated test mass can be obtained from the original q lm moments in a straightforward manner (see below). The crucial point is that the same multipole moments that lead to a differential linear acceleration in STEP will also lead to a torque on the torsion balance in the presence of appropriate multipole fields. Furthermore, because the source multipole fields are given approximately by
we find that a rotation of the source masses with angular frequency ω S leads to a torque that is modulated at a frequency mω S . In other words, if we want to measure a particular q lm moment of the test masses, we need to design a source mass assembly which generates the appropriate Q lm , and then look for a torque component modulated at mω S . This idea has been pioneered by the Seattle group [6] [7] [8] [9] , who have used it extensively and successfully for exactly the same purpose.
Practical considerations
The expected mass of a STEP test mass, up to 2.4 kg according to the most recent design, can be much larger than the load in the series of experiments [6] [7] [8] [9] , and would therefore require a considerably stronger torsion fibre, with increased stiffness and intrinsic noise [10] . A more useful reference is therefore provided by a recently completed measurement, carried out at the BIPM, of Newton's gravitational constant G [11] . There, a torsion strip was used to support a total load of approximately 6 kg. We propose to cool down a modified BIPM torsion balance to 4 K to investigate the STEP test masses. Correspondingly, we will base our feasibility study on the sensitivity achieved in that experiment. A schematic diagram of the experiment is shown in figure 3 . The torsion balance will be enclosed in a vacuum space, which in turn is located inside a cryogenic dewar. Surrounding the dewar, a set of spherical source masses are arranged on a turntable which can be rotated. The experiment consists of measuring the angular position of the torsion balance as a function of source mass angle.
The torque (4) is given by the product of the gravity multipole fields and the test mass moments. It is therefore advantageous to boost the signal by using source masses as heavy as possible. It is interesting to note that rotating masses in excess of 2600 kg have been used before [9] . Here we will use a probably more realistic value of 200 kg.
Transformation of quadrupole moments
As mentioned above, the multipole moments leading to a differential acceleration in (2) are not exactly those resulting in a torque (3) in the torsion balance experiment. This is because the test mass has been rotated onto its side, and its multipole moments as calculated in the laboratory frame will be different.
Let the test mass have multipole moments q lm in a certain reference frame. If a second reference frame is rotated with respect to the first one by Euler angles (α, β, γ ), then in this new frame the test mass acquires new multipoles
where the form of the function D can be found in the literature (see, for instance, [12] ). We shall now proceed to carry out some of the required transformations. Let us assume azimuthal symmetry of the test mass. In a frame where the z-axis is along the symmetry axis of the test mass, the quadrupole moment q 20 is the only l = 2 multipole. The source mass would be moving around the test mass in θ rather than in ϕ (see figure 1) . However, the experiment as envisaged above will have the source masses rotating in a horizontal plane (see figure 2) . In other words, the test masses need to be rotated by 90
• around the y-axis. This rotation corresponds to Euler angles (0 • , 90
In all subsequent calculations, we will use a reference frame whose z-axis coincides with the torsion fibre.
Furthermore, the origin is chosen to coincide with the centre of mass of the test mass. In this frame, the rotated test mass has the following l = 2 moments:
If the rotation were not exactly by 90
• , a non-zero moment q 21 would also be generated. The q 22 moment does not have an imaginary component in this frame because we have chosen to rotate the test mass around the y-axis.
The q 22 term contributes to the torque on the torsion balance, if the source masses generate a Q 22 field. Therefore, by measuring the q 22 Q 22 term in this frame, we can estimate the original q 20 . The signature of the q 22 Q 22 term will be a torque 22,22 at a characteristic frequency of 2ω. The design of the source mass configuration should be optimized to generate as large a Q 22 field as possible.
In practice, of course, the assumption of azimuthal symmetry cannot be made and we have to measure q 21 and q 22 multipole moments as well. Rotation through 90
• around the y-axis does not convert the q 21 moment into a q 22 moment, and therefore does not interfere with the measurement described above. Instead, it needs to be searched for using a Q 21 field, which can be generated by an appropriate source mass geometry.
The original q 22 moment however could interfere with the measurement above, as in general q 22 will be a linear combination of q 20 and q 22 . In order to identify both of them independently, we need to carry out two experiments with the test mass rotated around different angles. However these are details which do not affect the conclusions of this paper and will therefore not be considered hereafter.
Quadrupole moment sensitivity
We now need to establish the smallest residual quadrupole moment of a STEP test mass that could be detected using some realistic source mass geometry and torsion balance sensitivity. In order to estimate a typical Q 22 , we start with the simplest possible source geometry, namely two spherical source masses with spherical coordinates (R S , θ S = 90
• , ϕ S1 = 0 • ) and (R S , θ S = 90
• , ϕ S2 = 180 • ) and of mass M S , as indicated in figure 3 . Q 22 is found to be
With an individual source mass of 100 kg and a separation R S = 0.4 m, this gives
To estimate the detectable q 22 moment, we need to know what torques can be measured with existing torsion balances. The torque sensitivity achieved in [11] was approximately 10 −13 N m after integrating for about one month. We will use this as our reference sensitivity, however, this is probably a conservative assumption 1 . From the requirement 22,22 10 −13 N m we find with the above numbers
For an outer STEP test mass made from beryllium, which appears to suffer most from problems such as machineability and density inhomogeneities [3] , this is equivalent to a fractional imbalance in the moments of inertia of 2 parts in 10 4 . If the local spacecraft gradients were due to a 1 g helium bubble at 250 mm from the test mass, an unwanted acceleration of approximately 10 −17 m s −2 would result.
Higher-order contributions and customized source mass geometries
Having established the basic feasibility of the experiment, we need to consider competing torques at twice the revolution frequency from higher-order couplings. Couplings due to the q 42 Q 42 , q 62 Q 62 , q 82 Q 82 and, in principle, even higher terms, would contribute to the signal at 2ω and therefore lead to a systematic error in the quadrupole measurement. The m = 2 multipole moments of the test mass after rotation, as a result of m = 0 moments in the original frame, are
In principle, the q 82 moment above deserves special attention, given that the present design has a non-zero q 80 for the outer test masses. In practice, however, all the moments may arise from test mass imperfections and need to be dealt with as well. Since a q 12 term will generate a 2ω signal only if the source masses generate a corresponding Q l2 field, one solution is to arrange the source masses such that specific multipole fields are generated or eliminated. For instance, from the form of the Q 42 field, it is apparent that placing each of the masses at polar angles θ S with (7cos 2 θ S − 1) = 0 will result in a nominally zero Q 42 . In cylindrical polar coordinates, this would be equivalent to z = ±ρ/ √ 6. Simply shifting the two mass source geometry shown in figure 3 in z to the appropriate height would therefore eliminate the Q 42 field, while only moderately affecting the Q 22 field.
One can take this procedure to any desired degree of complexity. As a final example, we have identified a source mass geometry which reduces the Q 42 , Q 62 and Q 82 fields by at least four orders of magnitude while decreasing the desired Q 22 field, compared to the simple source mass geometry above, only by a factor of 3. For a meaningful comparison, we have kept the total mass at 200 kg and R S sin θ S = 0.4 m for all source masses. Table 1 shows the multipole fields for the two arrangements, and figure 4 shows a schematic diagram.
How susceptible are these fields to imperfections in the positioning of the source masses? As an example, we have estimated the effect of shifting one of the 12 source masses in the optimized geometry found above. A shift by 1 mm generates a Q 82 field that still amounts to only 0.1% of the field generated by the simple two-mass configuration. Clearly a lot is to be gained from customized geometries.
It should be pointed out that, equally, source mass geometries which do have specific multipole fields can be found, so that other moments of the test mass could be measured as well.
Torsion balance multipole moments and other systematic effects
Multipole moments of the tray holding the STEP mass need to be measured independently. The torsion balance can in principle be designed so as to have nominally zero q 22 , and it should be made as light as possible to reduce the effect of any residual q 22 . Nevertheless its value needs to be measured first, in the absence of any test mass. The required sensitivity would be the same as for the test mass characterization, and the experiment needs to be done at cryogenic temperatures to account for possible thermal deformations. A horizontal misalignment of the centre of mass of the test mass and that of the torsion balance tray could lead to an unwanted quadrupole moment. However, a quick estimate shows that even a misalignment as large as 0.5 mm would still lead to an induced quadrupole moment smaller than 10 −7 kg m 2 , and therefore not interfere with the measurement at the envisaged level.
Summary and conclusions
Test masses to be used in the planned STEP experiment should ideally behave like gravitational monopoles. However, manufacturing tolerances, density inhomogeneities and non-uniform thermal contraction will inevitably lead, at some level, to undesired multipole moments. We have therefore studied the feasibility of a terrestrial torsion balance experiment to measure the residual quadrupole moments of the STEP test masses directly at cryogenic temperatures. The quadrupole moments can be estimated from their interaction with source masses that are rotated around the torsion balance. The method seems straightforward and relatively immune to systematic effects. The demonstrated torque sensitivity of a torsion balance that could be adapted to our purpose is sufficient to detect quadrupole moments as small as 10 −7 kg m 2 . This corresponds to an imbalance in the moments of inertia of 2 parts in 10 4 for a beryllium outer test mass.
